Rolf Brigola

Fourier Analysis with Mathematica 2

3D-Wave Equations with Mathematica

Wave Propagation, Huygens Principle, Diffraction and Reflection

1. lllustration of Wave Propagation and the Huygens Principle

We consider as wave source a sine function at the origin with Amplitude 1, period T=4 and assume

c=2 as propagation speed, all with their according physical units.

At first, we illustrate the wave propagation within 20 seconds in free isotropic 3D space. To illustrate the
spherical wave, we show the decreasing amplitudes for z=0, i.e. as a function of (x,y) in the plane z=0.
Imagine the values as air pressure deviations from normal atmospheric pressure as in a sound wave

or as field strengths in an electro-dynamic field, even if the speed c does not match these examples.

You would obtain the spherical wave by symmetry, if you rotate the figures around the origin.

For the solution of the inhomogeneous wave equation see my textbook [1].

The inhomogeneous 3D Wave Equation is Ou= é[)?u-Axuzf. An electric scalar potential u,

for example, has the physical unit V/m, the inhomogeneity f has therefore the unit V/m?®.

The retarded 3D fundamental solution of [ ]u = f for t=0 is 6 (t=|I x|l /c)/(4x||x]| ) (see reference [1])

We consider the equation in distributional sense and as source f the point source at the origin

f(x,t)=A sin(/2 t)HeavisideTheta[t] ®J(x) with x=(x,y,z), ® the tensor product, ¢ (x) the Dirac distribution
with support 0={0,0,0}. In the example we choose A=1 and c=2 with their according physical units.

The solution of the wave equation for that source is (see reference [1], Exercise A7, chapter 12)

u(x,t)= Asin(x/2 (t-]| x|| /c))/( 4 = ||x|| )HeavisideThetal[t-|| x || /c].

As a side effect, in the following you can see some plot options of Mathematica. All can be found in
the Help menu of Mathematica

n-1= ClearAll["Global" »"]
n1:= € =2 3(+ Propagation Speed %)
ufx_, y_1=Sin[ Pi/2 (20 -Sqrt[x*2+y~*2]/2)]/(4Pi Sqrt[x*r2+yAr2]
HeavisideTheta [ 20 - Sqrt[x*2+yA2]/2];
(» the wave 1is shown until t=20 %)

The amplitudes with their local extrema and the envelopes showing the decrease with increasing
distance from the source
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nsi= Plot[{u[x, 3], 1/(4 Pi x), -1/(4 Pi x)}, {x, 0, 40},
PlotLegends - "Expressions ", Axes - {True, True},
AxesLabel - {"x=ct", "Wave Amplitude at Distance x from the Source for y=3"},

LabelStyle - Directive[Black, 12]]

Wave Amplitude at Distance x from the Source for y=3
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n-1= localmax = Table[FindMaximum [u[x, 0], {x, n}], {n, 4, 28, 8}]
outr- 1= {{0.0135771, {x » 5.72119}}, {0.00570783 , {x » 13.8836}},
{0.00362324 , {x » 21.9261}}, {0.00209532 , {x » 37.9573}}}

n-1= localmin = Table[FindMinimum [u[x, 0], {x, n}], {n, 6, 36, 8}]
our - {{-0.00802341 , {x » 9.8361}}, {-0.00443209 , {x > 17.9096}},
{-0.00306435 , {x » 25.9375}}, {-0.00234216 , {x - 33.9523}}}

Wave propagation in unbounded isotropic space

In the following figure we show values u(x,y) .

For times t=20s, the wave has not yet reached receiving points x>40. You clearly observe the decreasing amplitudes
with increasing distance form the source.

Imagine the values, for example, as pressure amplitudes of a sound wave at these points (x,y,0).

Alternatively you can also plot a DensityPlot3D, to see the amplitudes as densities in space. We show this subsequently.



w4~ pl=Plot3D[u[x, yl, {x, 0.01, 60}, {y, -60, 60},

Boxed -» False, PlotPoints - 200, PlotRange -» {-0.01,

Axes - {True, True, True}, AxeslLabel - {"x=ct", vy, "
PlotLabel - Style["Wave Propagation 1in Space,
Amplitudes 1in the Plane z=0, c=2,
Snapshot after 20 s,
PlotRange [-0.07,0.02]", 12, Black]]

Wave Propagation in Space,
Amplitudes in the Plane z=0, c=2,
Snapshot after 20 s,
PlotRange [-0.07,0.02]
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0.02},
Wave Amplitude"},

Huygens Principle: We illustrate that the wavefront is the envelope of “elementary waves” of the same type, but

starting at different positions and times with their correspondingly decreased amplitudes. We choose 2 different such

elementary waves v and w

nisk= VI[X_, Y_, Z_, t_] =

Sin[ Pi/2(t-Sqrt[(x-20)22+(y-10)22+2z72]/2)]/(4PiSqrt[x*2+yr2+2zA2))
HeavisideTheta [t-Sqrt[(x - 20)A2 +(y - 10)A2 +zA2]/2];
WIX_, Y_, Z_, t ] :=Sin[ Pi/2(t-Sqrt[(x-30)A2+(y+10)*2+2zA72]/2)]/
(4PiSqrt[xA2+yAr2+z~r2])HeavisideTheta [t - Sqrt[(x-30) 2+ (y+10)A2+2z72]/2];

Start of the secondary waves: The wave v (blue) starts at (x,y)=(20, 10,0) after 11.18 s, the wave w
(green) starts in (x,y)=(30, -10,0) after 15.81 s. Thus, the remaining time to the wave front is 8.82 s for
the first elementary wave in blue and 4.19 s for the second elementary wave in green.
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nior- p2 = Plot3D[v[x, y, 0, 8.82] HeavisideTheta [x - 20], {x, 0.01, 60

} {y, -30, 30}, PlotPoints - 200, PlotRange - {-0.01, 0.013}, Boxed -» False,
Axes - {False, False, False}, PlotLabel -» Style["Huygens Principle

Wave Front as Envelope of Elementary Waves,

Wave 1", 12, Black], ColorFunction - "Aquamarine "];

p3 = Plot3D[w[x, ¥y, O, 4.19] HeavisideTheta [x - 30], {x, 0.01, 60
} {y, -30, 30}, PlotPoints - 200, PlotRange - {-0.01, 0.013}, Boxed » False,
Axes - {False, False, False}, PlotLabel - Style["Huygens Principle

Wave Front as Envelope of Elementary Waves,

Wave 2", 12, Black], ColorFunction - "Aquamarine "];

GraphicsRow [{p2, p3}]

Huygens Principle Huygens Principle
Wave Front as Envelope of Elementary Waves, Wave Front as Envelope of Elementary Waves,
Wave 1 Wave 2

Out[12]=

Here, you see the obtained illustration of the Huygens Principle.
The wave front as envelope of elementary waves:



Amazon-3D-Wave_Propagation.nb| 5

n4:=  Show[{p2, p3, p1l}]

Huygens Principle
Wave Front as Envelope of Elementary Waves,
Wave 1

Out[14]=

Now an illustration as a density plot of the spherical wave in a quadrant of the 3D space.
Mathematica uses also negative values of the amplitudes here, which we had cut off before.
1= UULX_y Y_y Z_y £ 1=Sin[ Pi/2(t-Sqrt[xA2+yr2+2A72]/2)]/(4PiSqrt[xr2+yr2+2zA2])
HeavisideTheta [t-Sqrt[x*"2+y*r2+2z/72]/2];
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- .- DensityPlot3D [uu[x, Yy, z, 20], {x, O, 20}, {y, 0, 20}, {z, 0, 20},
Boxed » False, Axes - {True, True, True}, AxesLabel - {"x=ct", y, "z"},
LabelStyle - Directive[Black, 12], ColorFunction - "RustTones",
PlotLabel - Style["Density Plot of the Spherical Wave in a 3D Quadrant,
Snapshot after 20s,
PlotRange [-0.06,0.015]", 12, Black],
PlotLegends - Automatic, PlotRange - {-0.06, 0.015}]

Density Plot of the Spherical Wave in a 3D Quadrant,
Snapshot after 20s,
PlotRange [-0.06,0.015]
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3. Reflection at a Rigid Wall

Reflection of a wave, e.g. a sound pressure wave, at a solid wall (without absorption, without phase
change) is mathematically equivalent to the superposition of two waves which are symmetrically
placed at both sides of the wall, superposed without the barrier and then considered in a half-space
with the wall as boundary. There is no phase change in pressure between the incoming and the
reflected wave. We use two sine sources in the points (0,-15,0) and (0,15,0) and illustrate the result
with interferences in the reflected wave in the half-space y<0. According to the Huygens principle, at

each point of the wall start new elementary waves as reflections.

Shown is the generated interference pattern in the xy-plane, z=0. In a sound wave the shown ampli-

tudes would be pressure amplitudes.
You can observe constructive as well as destructive interference.
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In(15):= €= 23
unew[x_, y_, t. 1=Sin[2Pi/2(t-Sqrt[x*2+y~r2]/2)]/(4PiSqrt[x*r2+yAr2]
HeavisideTheta [t -Sqrt[x*2+yA2]/2];

Now 2 sources atz=0, x=0,y=-15and y=+ 15

n171:= interference [x_, y_, t_] = unew[x, y + 15, t]+unew[x, y-15, t];

wall[x_, y_, t_ ] =0.0148 (HeavisideTheta [x] - HeavisideTheta [x - c t])
(HeavisideTheta [y] - HeavisideTheta [y - 5]);

plotwall = Plot3D[wall[x, y, 40], {x, 0, 80}, {y, —-80, 2}, Boxed -» False,
Axes - {True, True, False}, AxesLabel - {"x=ct", y, ""}, PlotPoints - 200,
PlotRange - {0, 0.013}, Filling -» Bottom, LabelStyle - Directive[Black, 12],
FillingStyle - Opacity[1l, Black], Mesh » None, ColorFunction - "CMYKColors",
PlotLabel - Style["Interference by Reflection from a Wall, c=2,

Snapshot after 30s, Amplitudes 1in the plane z=0", 12, Black]];

plota = Plot3D[interference [x, y, 30], {x, 0.01, 80},
{y, -80, 0}, Boxed » False, PlotPoints - 200, PlotRange - {0, 0.013},
Ticks - {{0, 20, 40, 60}, {-60, -40, -20, 0}, {}}, TicksStyle - Directive[Black, 12],
Axes - {True, True, False}, AxesLabel - {"x=ct", y, ""},
LabelStyle - Directive[Black, 16], ColorFunction - "Aquamarine",
PlotLabel - Style["Interference by Reflection from a Wall, c=2,

Snapshot after 30s, Amplitudes -in the plane z=0", 12, Black]];

plotl = Show[plotwall, plotal]

Interference by Reflection from a Wall, c=2,
Snapshot after 30s, Amplitudes in the plane z=0
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Explanation: The image is a snapshot after 30 s with c=2. The interferences propagate with the same
speed c=2. Thus, when started at times t<10s they have already spread further after 30 s (see y=-40 for
x=18, t=9s) than those started later (see y=-40, x=55, t=27.5s). The illustration below shows construc-

tive and destructive interferences.
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ni2si= check3 = Plot[interference [40, y, 30] HeavisideTheta [-y],
{y, 16, -80}, PlotLegends - "Expressions", Axes - {True, True},
AxesLabel - {"y", "Amplitudes at Distance x=40 from the Source
after 30s 1in y-Direction"}, PlotLabels -
Placed["Interferences 1in y-Direction", Right], LabelStyle - Directive[Blue, 12],
PlotStyle - Directive[Blue], PlotRange -» All, ImageSize - Medium]

Amplitudes at Distance x=40 from the Source

after 30s in y-Direction
0.004

Interferences in y-Direction

-0.004 *

Below another snapshot after 100s showing the typical interference pattern
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n-1- plotwall2 = Plot3D[wall[x, y, 1251, {x, 0, 250}, {y, -250, 2},

Boxed -» False, Axes -» {True, True, False}, AxesLabel - {"x=ct", y, ""},
PlotPoints - 200, PlotRange - {0, 0.015}, Filling -» Bottom,
LabelStyle - Directive[Black, 12], FillingStyle - Opacity[l, Black], Mesh - None,
ColorFunction - "CMYKColors", PlotLabel - Style["The Reflected Wave,

Snapshot after 100 s, c=2", 12, Black]l;

plote = Plot3D[interference [x, y, 100], {x, 0.01, 250
}> {y, -250, 0}, Boxed -» False, PlotPoints - 200, PlotRange - {0, 0.013},
Ticks - {{0, 20, 40, 60, 100, 150, 200}, {-200, -150, -100, -60, -40, -20, 0}, {}},
TicksStyle - Directive[Black, 20], Axes - {True, True, False},
AxeslLabel - {"x=ct", y, ""}, LabelStyle - Directive[Black, 12],
PlotLabel - Style["The Reflected Wave,

Snapshot after 100 s, c=2", 12, Black],
ColorFunction - "Aquamarine", ImageSize - Large];

Show[plotwall2,

plote]

The Reflected Wave,
Shapshot after 100 s, c=2

And finally a density plot of the corresponding amplified spherical wave
Observe the difference to the above density plot without reflections.

n22k= UNEWZ[X_, Y_, Z_, t_]=Sin[2Pi/2(t-Sqrt[x*2+y"r2+2z72]/2)]/(4PiSqrt[x*2+yr2+2z/2))
HeavisideTheta [t-Sqrt[x*2+yAr2+2z72]/2];
(» the wave s shown until t=60 %)

interferencez [x_, y_, z_, t_] = (unewz[x, y+15, z, t]+unewz[x, y-15, z, t]);
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ni241:= pd = DensityPlot3D [interferencez [x, y, z, 60], {x, O, 20}, {y, -20, O}, {z, O, 20},
Boxed -» False, Axes - {True, True, True}, AxesLabel - {"x=ct", y, "z"},
LabelStyle - Directive[Black, 12], ColorFunction - "Rainbow",

PlotLabel - Style["The Wave 1in a Neighborhood of the Source at (0,-15,0)
and the Reflecting Wall at y=0, Snapshot after 60 s, c=2,
PlotRange [-0.013,0.03]", 12, Black],

PlotLegends - Automatic, ViewPoint - {1.3, -2.4, 6}]

The Wave in a Neighborhood of the Source at (0,-15,0)

and the Reflecting Wall at y=0, Snapshot after 60 s, c=2,
PlotRange [-0.013,0.03]
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Illustration of the solution along the line x=80 after 100 s
This shows again constructive and destructive interferences.
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mn-1:= plotx = Plot[interference [80, y, 100], {y, 0, —-200}, PlotRange - {-0.002, 0.002}]
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Finally, we generate a video of the wave propagation . This requires computation time depending on
the available machine .

In[+]:=

v = AbsoluteTiming [AnimationVideo [Plot3D[interference [x, y, t], {x, 0.01, 80},
{y, -80, 0}, Boxed » False, PlotPoints -» 200, PlotRange - {0, 0.013},
Ticks - {{0, 20, 40, 60}, {-60, —-40, -20, 0}, {}}, TicksStyle - Directive[Black, 12],
Axes - {True, True, False}, AxesLabel - {"x=ct", y, ""},
LabelStyle - Directive[Black, 16], ColorFunction - "Aquamarine",
PlotLabel - Style["Interference by Reflection from a Wall, c=2,

Snapshot after 30s, Amplitudes -in the plane z=0", 12, Black]],

{t, 0, 30}, FrameRate - 60]]

out[ - J= {1524'26 2 I/ >> - }

vslow = VideoTimeStretch [v[2], 10];
Export["/home/rolf/Desktop/wall-reflection .mp4", vslow];
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