
Reflection  at a parabolic  reflector

The spherical wave fronts of a periodic wave packet at the focal point of a parabolic reflector are 

converted into plane wave fronts (which move together in one direction). Since the wave does not 

spread as it propagates, it remains intense and concentrated even over very long distances, while 

interference with the radial wave from the source rapidly decreases with increasing distance from the 

source.

This effect is the basic principle behind devices that need to project light in a specific direction with-

out significant scattering. That is used, for example, in car headlights to illuminate the road far ahead 

of the vehicle with a focused beam of light. The effect is also used to transmit electromagnetic waves 

from a satellite. In this case, a parabolic mirror acts as a receiver, capturing an incident plane wave 

and reflecting it to concentrate high energy at the focal point of the parabola. 

To start, we define a region whose lower boundary is parabolic

In[  ]:= ClearAll ["Global` *"];

a = 1; (* the focus of the parabola is 1/(4a) *)

r1 = ImplicitRegion [y ≥ a x^2 && -1 < x < 1 && 0 ≤ y < 1, {x, y}];

r2 = ImplicitRegion [-1 < x < 1 && 1 ≤ y < 20, {x, y}];

region = RegionUnion [r1, r2];

RegionPlot [region, Axes → True, Frame → True ]

Out[  ]=
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Now, a mesh for the finite element method (FEM) is generated and the FEM package is loaded



In[  ]:= Needs ["NDSolve`FEM` "];

(*FEM mesh*)

mesh = ToElementMesh [region, MaxCellMeasure → 0.02,

MeshOrder → 2, "IncludePoints " → {{0, 1 / (4 a)}}];

MemberQ [mesh ["Coordinates "], {0., 0.25}] (*Check that the focus is a mesh point*)

ElementMeshInformation [mesh ]

Out[  ]= True

Out[  ]= ElementMeshInformation 
ElementMesh {-1., 1.}, 4.44089 × 10-16, 20., {TriangleElement [<3104>]}

In[  ]:= mesh ["Wireframe "];

Data for the wave packet and observation time

In[  ]:= c = 1; (* speed *)

ω = 10; (* angular frequency *)

σ = 0.01; (* for variance of a periodic Gaussian pulse form*)

tmax = 15; (* observation time *)

The source is a periodic wave packet localized at the focus (0,1/4). We solve the problem with 

NDSolveValue and use a Neumann condition at the parabolic boundary to obtain reflection of the 

incoming wave there. 

In[  ]:= source [x_, y_, t_] := Sin[ω t] Exp[- ((x)^2 + (y - 1 / (4 a))^2) / σ ^2] / (π σ ^2);
pde = D[u[x, y, t], {t, 2}] ⩵

c^2 Laplacian [u[x, y, t], {x, y}] + source [x, y, t] - NeumannValue [0, y ⩵ x^2];

ics = {u[x, y, 0] ⩵ 0, Derivative [0, 0, 1][u][x, y, 0] ⩵ 0};

In[  ]:= AbsoluteTiming [sol = NDSolveValue [{pde, ics}, u, {t, 0, tmax}, {x, y} ∈ mesh,
Method → {"MethodOfLines ", "SpatialDiscretization " → "FiniteElement "}]]

Out[  ]= 26.2511, InterpolatingFunction  Domain : {-1., 1.}, 4.44 ×10-16, 20., {0., 15.}
Output : scalar

Data not in notebook . Store now



In the following, we see two plots of the reflected wave coming from the reflector. The parabolic 

reflector transforms the incoming wave into a planar outgoing wave. 
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In[  ]:=

DensityPlot Evaluate @ sol[x, y, 14], {x, y} ∈ mesh, PlotRange → All,

PlotLabel → "Spherical wave transformed to a planar wave

by a parabolic reflector between -1<x<1, 0≤y≤x2,\nsource in focal point (0,1/4).

Snapshot after 14s", ColorFunction → "BlueGreenYellow "

Out[  ]=

In[  ]:= wave = Plot3D sol[x, y, 14], {x, y} ∈ mesh, PlotPoints → 100, PlotRange → {-0.003, 0.005 },

PlotLabel → "Spherical wave transformed to a planar wave

by a parabolic reflector between -1<x<1, 0≤y≤x2,\nsource in focal point

(0,1/4).\nSnapshot after 14s", ColorFunction → "BlueGreenYellow "
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In[  ]:= Out[29] = AbsoluteOptions 

, ViewPoint 

Out[  ]= {ViewPoint → {1.8656, -1.74718, 2.21741 }}

Intermediate step with Mathematica: Here is a small function that extracts the view properties of the

above plot. We use it to set the viewpoint in the following video. 

Place the cursor between the brackets of ExtractViews[] and make a “Copy output from above” (Ct-

rlShiftL) and evaluate. You’ll get the values.

Alternatively as above:  Insert “AbsoluteOptions[“ left of the generated image and “,ViewPoint]” right 

of it and hit Enter. Then the actual Viewpoint is shown.

ExtractViews [ll_] :=

Flatten [Union [Extract [ll, Position [ll, #]] & /@ {ViewPoint → _, ViewCenter → _,

ViewVertical → _, ViewAngle → _, ViewVector → _, ViewRange → _}]];

ExtractViews []

Finally, we generate a video of the wave and save a version with slow motion by VideoTimeStretch 

as .mp4 and a slightly different  ViewPoint.
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In[  ]:= v = AbsoluteTiming AnimationVideo 
Plot3D sol[x, y, t], {x, y} ∈ mesh, PlotPoints → 200, PlotRange → {-0.005, 0.005 },

PlotLabel → "Spherical wave transformed to a planar wave

by a parabolic reflector between -1<x<1, 0≤y≤x2,\nsource in focal point (0,1/4).",

ColorFunction → "BlueGreenYellow ",

ViewPoint → {1.1757, -0.89, 2.751 }, {t, 0, tmax}
vslow = VideoTimeStretch [v〚2〛, 4];

In[  ]:= Export ["/home /rolf /Desktop /parabolic -reflection .mp4", vslow ];
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