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We  generate  a planar  wave  packet  in the  region  {(x,y):  -1≤x≤1,  y⩾a x2, y≤1}⋃{(x,y):  -1≤x≤1,1≤y<20}.   The  

wave  packet  moves  to the  parabolic  mirror  at the  bottom  of the  region  and  is reflected  there.

The  reflected  wave  focuses  at the  focal  point  (0,1/(4a)).  We  use  a=0.25.  Thus,  the  focal  point  is (0,1).  The  

wave  equation  is solved  by the  FEM-Method  with  Neumann  boundary  condition  at the  parabola.  

For  illustration  purpose,  we  use  a damping  term  damping[y]  D[u[x,y,t],t]  in the  wave  equation  to 

suppress  waves  for  y>4.

The  illustrated  effect  is used  in satellite  dishes,  for  example.  The  LNBF  (Low-Noise  Block  Downcon-

verter) is located  at the  focal  point,  it collects  the  signals,  amplifies  them,  and  converts  high-frequency  

signals  into  a lower  frequency  range  suitable  for  transmission  via  coaxial  cable.

In[  ]:=

ClearAll ["Global` *"];

a = 0.25; (* the focus of the parabola is 1/(4a) *)

r1 = ImplicitRegion [y ≥ a x^2 && -1 < x < 1 && 0 ≤ y < 1, {x, y}]

r2 = ImplicitRegion [-1 < x < 1 && 1 ≤ y < 20, {x, y}];

region = RegionUnion [r1, r2];

RegionPlot [region, Axes → True, Frame → True ]

Out[  ]= ImplicitRegion y ≥ 0.25 x2 && -1 < x < 1 && 0 ≤ y < 1, {x, y}

Out[  ]=
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In[  ]:= Needs ["NDSolve`FEM` "];

(*FEM mesh*)

mesh = ToElementMesh [region, MaxCellMeasure → 0.02,

MeshOrder → 2, "IncludePoints " → {{0, 1 / (4 a)}}];

MemberQ [mesh ["Coordinates "], {0., 1 / (4 a)}] (*Check that the

focus (0,1) is a mesh point*)

ElementMeshInformation [mesh ];

mesh ["Wireframe "];

Out[  ]= True

In[  ]:= (*Physical parameters *)

c = 1;

A = 5;

f = 1;

ω = 2 Pi f;

tmax = 10;

In[  ]:= damping [y_] := 4 Piecewise [{{(y - 4)^2, y > 4}}, 0];

Plot [damping [y], {y, 0, 10}]

Out[  ]=

2 4 6 8 10

20

40

60

80

100

120

140

pde = D[u[x, y, t], {t, 2}] / c^2 + damping [y] × D[u[x, y, t], t] -

D[u[x, y, t], {x, 2}] - D[u[x, y, t], {y, 2}] ⩵ NeumannValue [0, y ⩵ a x^2];

packet [y_] := A Sin[ω y] * (Tanh [20 (y - 3)] - Tanh [20 (y - 6)]) / 2;

(* planar wave paket propagating to y=0 for increasing time *)

ic = {u[x, y, 0] ⩵ packet [y], Derivative [0, 0, 1][u][x, y, 0] ⩵ D[packet [y], y]};

(* The initial condition for Derivative [0,0,1][u][x,y,0]

causes that the wave propagates with direction to y=0 *)
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In[  ]:=

Plot [packet [y], {y, 0, 7}, PlotRange → All]

(* The planar wave moving to the reflector *)

Out[  ]=
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In[  ]:= sol = NDSolveValue [{pde, ic}, u, {x, y} ∈ mesh, {t, 0, 15},

Method → {"MethodOfLines ", "SpatialDiscretization " → "FiniteElement "}]

Out[  ]= InterpolatingFunction  Domain : {-1., 1.}, 4.44 ×10-16, 20., {0., 15.}
Output : scalar

Data not in notebook . Store now



The following density and 3D plots show that the reflection has an amplitude and thus an energy 

peak at the focal point (0,1/(4a))=(0,1,).
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In[  ]:= DensityPlot Evaluate @ sol[x, y, 5], {x, y} ∈ mesh,
PlotRange → All, PlotLabel → "Reflection of a planar wave

by a parabolic reflector y=ax2 between -1<x<1.\nThe

reflection focuses at the focal point (0,1).

Snapshot after 5s", ColorFunction → "ThermometerColors ",

AxesLabel → {"x", "y"}, PlotLegends → Automatic 

Out[  ]=
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In[  ]:= Plot3D [sol[x, y, 5]^2, {x, -1, 1}, {y, 0, 4}, PlotRange → {0, 140},

AxesLabel → {"x", "y"}, PlotLabel → "Reflected planar wave

packet after 5 s \nwith an energy peak at the focal point"]
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In[  ]:= AbsoluteOptions  , ViewPoint 

Out[  ]= {ViewPoint → {2.56163, -1.96544, 1.01247 }}

Interactively, we use left of the image output  with the wanted view “AbsoluteOptions[“ and right

“,ViewPoint]”,  and hit “Enter” to obtain the ViewPoint.

v = AnimationVideo Plot3D sol[x, y, t]^2, {x, y} ∈ mesh, PlotPoints → 100,

PlotRange → {0, 130}, PlotLabel → "Reflection of a planar wave

by a parabolic reflector -1<x<1, y=ax2, a=0.25,\nfocal point in (0,1/(4a)),

\nEnergy plot.", ViewPoint → {2.561, -1.965, 1.012 }, {t, 0, 8};
vslow = VideoTimeStretch [

v,

4];

In[  ]:= Export ["/home /rolf /Desktop /reflection -to-focus.mp4", vslow ]

Out[  ]= /home /rolf /Desktop /reflection -to-focus.mp4
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